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Introduction
Since their discovery [1] , carbon nanotubes (CNTs) have attracted great interest of researchers and scientists because of their remarkable physical, mechanical and electrical properties [2] . For instance, CNTs show a singular coupling between mechanical strain and electrical conductivity [3, 4] , becoming ideal candidates for making nanosensors and nano electro-mechanical systems (NEMS), with promising applications in robotics and biomechanics.
Regarding Materials Science and Engineering, nanotube reinforced composites and polymers have shown a wide range of potential applications, specially where a high ratio strength to weight is needed (e.g. aircraft industry). The main structural properties are their extreme longitudinal stiffness [5, 6, 7, 8 ] (Young's modulus ≃ 1 TPa) and tensile strength [9, 10, 11] (σ y ≃ 50 GPa).
Single-walled carbon nanotubes (SWCNTs) may be conceptualized as the result of rolling up a graphene sheet into a cylinder, and Multi-walled carbon nanotubes (MWCNTs) can be formed by placing several cylinders each one each node. In that work (extended later in [27] ), the influence of diameter and chirality in the Young's modulus and Poisson's ratio was analyzed for ZigZag and Armchair SWCNTs taking the curvature of the wall into account. The same subject was investigated by Natsuki et. al [28] but neglecting the curvature and similar issues were addressed by Wang [29] . Also Natsuki and Endo [30] extended their previous work to the tensile and compressive behavior of SWCNTs. All the aforementioned researches related to MSM have taken advantage of the axisymmetry of ZigZag and Armchair nanotubes, limiting their calculations to a small unit cell involving only a few atoms.
Moreover, Chang et. al [31] generalized the work in [26] to Chiral SWCNTs and extended it to the study of shear modulus. In a more general way, Meo and Rossi [20] implemented the 'stick-spiral' model in the commercial code ANSYS and included Chiral SWCNTs in the study of the longitudinal behavior.
The main contributions of this paper can be outlined as follows:
1. In this paper, the main objective is to analyze the tensile, compressive, flexural and torsional behavior of SWCNTs by means of the 'stick-spiral' model and show the influence of the diameter and chirality in their mechanical response. For this purpose, analytical expressions have been derived through an energy approach and have been numerically implemented. The main advantage of our approach is the ability to reproduce general load conditions (and any chirality) with no need of additional equations, in contrast with previous works which treat specific load situations and chiralities with ad hoc equations for each case, and are limited to a small unit cell involving only a few atoms under a particular load case (see Chang and Gao [26] , Xiao et. al [27] , Natsuki et. al [28] , Wang [29] , Natsuki and Endo [30] , Chang et. al [31] ). This advantage translates into a higher versatility to deal with physically more realistic cases (e.g. the different chiralities and load configurations produced during the SWCNTs growing procedure). 2. A special issue not explicitly included in MSM models (although the wall-curvature was included in the equations) is the preenergy, defined as the excess of strain energy from an infinite planar graphene sheet to the nanotube [17, 32] . As has been shown [5, 33, 34, 35] , this preenergy is proportional to the curvature of the wall 1/R 2 (where R is the tube radius) leading to an stabilization effect into its cross-sectional area. In this paper, we introduce the preenergy as a system of initial strains which produces a 'prestressed state' previous to the action of any external loading. Namely, the influence of this initial stresses is not negligible (differences around 5 − 15% in longitudinal stiffness are obtained), mainly in axial behavior of Single-Walled Carbon nanotubes (SWCNTs) as we can state from our results. Nonetheless, many released references simply ignore this fact. 3 . A detailed comparison between the more usual interatomic potential functions (AMBER and Morse) has been performed under several load cases: tension, compression, bending and torsion. Likewise, both forcelengthening and moment-distortion nonlinear relationships have been regarded with Morse potential, generalizing the work of Meo and Rossi [20] . In this way, we keep the straightforward relationship between both interatomic potentials and both kinds of structural elements (bar elements and rotational springs) into the 'stickspiral' model. However, we have not included any geometrical updating into the iterative procedure. 4. Our numerical results have been compared with those from the standard beam models and we have concluded that the applicability of continuum methods is doubtful because they are unable to reproduce the atomistic detail at that nanoscale size. Moreover, the choice of some elastic (even geometrical) parameters is controversial and may vary from one load case to another. This conclusion is in disagreement with many research works (e.g. Wang et. al [19] ), where continuum models are used.
The paper is organized as follows: in section 2 a schematic description of our model is provided. In section 3 the governing equations of our model are worked out. In section 4 a brief discussion about the adopted potentials is drawn. Details of the numerical implementation are given in section 5. Numerical results and some discussion of them are carried out in section 6 and finally, some concluding remarks are addressed in section 7.
Conceptual description of the model
A schematic description of the present MSM model is depicted in figure 1 for a ZigZag SWCNT. Covalent bonds are represented by 'bar' (or 'truss') elements which can just deform under axial strain and the three-body interaction is represented by rotational springs which only resist against angular distortion among two neighboring covalent bonds on each node. Exclusively linear displacements are taken into account at each node, therefore angular distortions will be written depending on them. All loads are applied at the nodes.
Note that such a 3D model is able to reproduce general loading states (tensile, compressive, flexural loading) and there is no need to derive particular expressions for each case as in most of previous researches (e.g. [26, 27] ). 
Governing equations

Kinematic equations 3.1.1. Bar element
We can define the axial strain among two bonded atoms as the change in length of the covalent bond and it can be written as:
where: ǫ a = ∆l = axial strain along the bar element. λ a = unit vector along the element.
linear kinematic matrix of the bar element.
Note that eq.(1) just gives the axial strain in terms of the difference between the nodal displacements (three DOFs each) projected onto the initial direction of the element.
Rotational spring element
Three-body interactions are represented in the present model by in-plane rotational springs involving three neighboring carbon atoms as can be seen in figure 3 where bar elements are not included but their directions are depicted by auxiliary straight lines.
The angular strain in the spring element is defined as the change in angle involved among three neighboring atoms (or nodes):
Taking cosines in (2) and assuming the displacements are small, we can write: 
where: A = initial angle between three neighboring atoms. α = final angle between three neighboring atoms. Regarding (4) and neglecting terms of second order, cos α is given by:
Substituting (5) (only keeping the first term in the denominator) in (3) and rearranging terms, the following expression can be obtained:
where:
and C 1 l means the linear kinematic matrix of the spring element.
Whole structural system
This section refers to any group of bar and spring elements properly assembled. In particular, to those systems which reproduce SWNTs geometry as can be seen in figure 1. For the sake of clarity, the next parameters are defined:
u R = displacements of free nodes. u A = displacements of fixed (constrained) nodes. Herein u A = 0 but displacements could be imposed with non-zero values. ǫ λ = vector of axial strains. ǫ Γ = vector of angular distortions. C λ = kinematic matrix associated to axial strains C Γ = kinematic matrix associated to angular strains Equations (1) and (6) can be grouped and rearranged for the whole system in the following way:
where the kinematic matrices defined above are formed by the corresponding blocks of C 
Equilibrium equations 3.2.1. Bar element
The Virtual Work Equation (VWE) associated to any bar element (see fig.2 ) can be expressed:
For all kinematically admissible virtual displacements δu i , δu j . Where: f a i , f a j = fraction of the external forces contributing to axial strain n a = axial force δǫ a = virtual axial strain.
Substituting (1) in (10) yields:
6 therefore:
where H a l denotes the linear equilibrium matrix of the bar element. From (12) it is clear that the contragradience relationship works strictly.
Rotational spring element
Similarly to (10) , the VWE associated to any spring element (see fig.3 ) can be written:
For all group of virtual displacements δu j , δu i , δu k kinematically admissible. Where: Substituting (6) in (13) the contragradience relationship equivalent to (12) is obtained:
where H 1 l means the linear equilibrium matrix of the spring element.
Whole structural system
The energy equilibrium approach in terms of the external forces at free nodes f R can be written:
Taking first variations in (9) and substituting in (15):
Equating coefficients in (16) and transposing, yields:
where: n = vector of internal axial forces m = vector of internal moment forces p = vector of internal forces H R = reduced equilibrium matrix of the whole system (verifying contragradience).
It is worth noting that eq.(17) can also be expressed as: (18) which shows that f R can be obtained as the sum of the fraction corresponding to axial forces and the fraction corresponding to moment forces.
Constitutive equations
The strain-internal force relationship for any group of properly assembled elements takes the form:
where ǫ 0 is referred to as the initial strains (preenergy) related to the change in shape from the graphene sheet to the SWCNT, and F is a diagonal matrix involving the flexibility parameters of each element. The reverse expression is given by:
Obviously, K is a diagonal matrix involving the stiffness parameters derived from the interatomic potential (see section 4) and p 0 are the initial forces consistent with ǫ 0 . Splitting in blocks, eq.(20) becomes:
Since the nanotube geometry has been generated through a conformal mapping from a graphene sheet to a cylinder where carbon atoms are kept into the surface and covalent bonds are located along the respective secant among two carbon atoms, initial longitudinal strains have been calculated as the difference in length from the graphene sheet to the cylinder. Also, initial angular distortions has been obtained as the difference in angle from graphene to the nanotube.
Stiffness equations
In order to obtain the stiffness equation of the whole structural system, we substitute eqs. (21) and (9) in eq. (17), so:
operating:
where: K R = reduced stiffness matrix f 0 = effect of initial forces at free nodes (prestressed state).
Although it has not been shown in this paper, a similar procedure could be performed to achieve individual stiffness matrices of bar and spring elements. Since the equilibrium matrix H R is formed from the corresponding blocks of individual equilibrium matrices of each element (assembly of elements), it is easy to prove that K R can be obtained assembling individual stiffness matrices in the usual sense, which constitutes a great advantage for its numerical implementation compared with other published works [26, 31] .
Interatomic potentials
The axial and angular stiffness parameters (so-called constant forces) represent the interaction between carbon atoms into the nanotube, which is usually introduced in theoretical MSM models by means of a potential function U. This function and the stiffness parameters are related by:
where: ∆r = difference in length of covalent bonds from their equilibrium position ∆θ = difference in angle among neighboring covalent bonds from their equilibrium angle K λ = axial stiffness of any bar element K Γ = angular stiffness of any spring element
Potential functions usually employed in molecular mechanics can be classified into two main categories:
1. Harmonic potentials.-The potential is described as the addition of the potentials due to different relative displacements between atoms, expressed as a quadratic form each one: (25) where: U r = potential including the change in length of the bond U θ = potential including the change in angle among neighboring covalent bonds U φ = potential due to the torsion of the bond U ω = potential due to the torsion of the bond (out-of-plane rotation) U vdw = potential including Van der Waals (VDW) interaction Usually, definition (25) is simplified [26, 28, 29, 36] by only keeping the first and second terms as:
where k r , k θ are the force constants to the longitudinal and angular variations. The first sum is extended over all covalent bonds and the second over all angles among bonds.
On the other hand, if the MSM model is constituted with frame elements (e.g. [21, 22, 24] ) also the third and fourth terms are retained and grouped into a quadratic form associated to the torsion of the bar element. In this paper, eq. (26) with AMBER 1 constants are adopted. Regarding eqs. (24) and following [21] , [24] and [28] , the next values are adopted:
nN·nm bond·rad (27) 2. Multi-body potentials.-The so-called REBO 2 potentials involve the effect of the rest of atoms in the covalent bond interaction. Therefore, the two-body terms in the potential function will include the distance among the two atoms regarded and the angles formed with neighboring covalent bonds. The most extensively used (e.g. [17, 18, 32, 35, 39, 40] ) potential function (mainly in Molecular Dynamics simulations) is the Tersoff-Brenner (TB) potential [37, 38] . However, its formulation is relatively complicated for further numerical implementation due to effects of variation in length and angle are coupled, hence can be approached by the Morse potential [9, 30] function for longitudinal strains below 10%, which is given by:
where the parameters involved take the following values [9] :
Moreover, ∆r is the change in length of covalent bonds from their initial distance of equilibrium in the nanotube that is around 0.142 nm, and ∆θ is the change in angle from the initial one in the SWCNT which is about 2π/3. Both values depend on the chirality and vary from one bond to another. As can be seen from eqs. (28) to (30) the contribution of variations in length and angle are uncoupled. In this case, definitions (24) take the form:
which definitely leads to a numerical iterative procedure (section 5).
In order to qualitatively compare both potentials we depict the force-lengthening relation in fig.4 (a) and the moment-distortion relation in fig.4 (b), given by: From their values, can be intuitively concluded that axial stiffness has higher influence than angular stiffness on the mechanical response of SWCNTs. Hence Meo and Rossi [20] used the Morse potential for axial stiffness but linearized angular stiffness. Anyway, from fig.4(a) is expected that the choice of the potential will be inconsequential as far as axial strains remain lower than 0.01 nm (about 7%).
Numerical implementation
General SWCNTs geometry has been generated by means of a conformal mapping from the graphene sheet to the cylinder surface. Carbon atoms are kept on the surface and covalent bonds are located along secants among two covalent-bonded atoms. This geometry as well as the output drawing results has been programmed in VisualLISP code. On the other hand, implementation of the governing equations has been done in C++ programming language.
Two main subjects are treated: First, importance of the choice of the potential function on the final response of nanotubes is investigated. Secondly, influence of the insertion of initial forces (prestressed state) with each potential is deemed. Thus, four different situations has been coded.
AMBER potential
Regarding constant stiffness for each element (eq. (27) ) is the most easy way to introduce the interatomic interaction into the code and leads to the simple (non-iterative) flow diagram depicted in fig. 5 .
Two codes have been developed with AMBER potential (one with and one without initial forces) for seeking the influence of the prestressed state in SWCNTs response. This initial forces has been introduced through second terms in eqs. (21) and (23) . Nevertheless, diagram in fig. 5 is valid for both calculations.
Geometry generation
Calculation of λ i and Γ j (7)
Evaluation of individual stiffness matrices
Assembly of K R eq. (23) Resolution of reduced stiffness linear system (23b) u R Evaluation of bar forces and spring moments, eqs. (8) and (21) n, m Output and drawing results 
Morse potential
Introduction of the Morse potential in the governing equations is essentially different from the previous case. In fact, equations (32) and (33) are tangent stiffnesses to the equilibrium path of each element and they depend on the SWCNT deformed shape at each point of these trajectories. This variable nature of stiffness can be called constitutive nonlinearity and leads to the iterative procedure outlined in figure 6 , based in the so-called Newton-like methods for solving nonlinear problems numerically. Superscripts k indicate the iteration counter and subscripts i, j the bar and spring element respectively.
Denoting u ρ as a generic component of u R at the beginning of each increment, let us define the absolute error in the ρ-component of u R as:
where n is the total number of DOFs involved in the reduced stiffness linear system. Then, convergence criteria adopted has been:
Note that K λ 0 , K Γ 0 are the tangent stiffness parameters for the undeformed shape of the nanotube. If prestresses are not taken into account ∆r = ∆θ = 0 will be substituted in eqs. (32) and (33) but if prestresses are included ∆r = ∆r 0 and ∆θ = ∆θ 0 (initial strains from the graphene sheet) will be employed instead.
Also, it should be pointed out that (
k j (constitutive updating), since the vectors λ i , Γ j involved are taken from the undeformed shape (geometrical linear analysis), correspondingly with the small displacements assumption. Further improvements of our formulation as geometrical nonlinearity (where λ i , Γ j are suitably updated iteratively) are currently in progress and values of critical stresses and strains will be given. Updating of ∆r
Resolution of 
Numerical results and discussion
In this section, tensile, compressive, flexural and torsional behavior of SWCNTs have been studied by using our new formulation of the 'stick-spiral' model. The following nanotubes have been tested for each loading scheme:
Similar diameters and aspect ratios have been chosen in order to further comparison of the obtained results. For the study of the mechanical properties, the usual (but controversial) wall thickness of t = 0.34 nm was adopted [24] , [27] .
One of the main issues in this paper is to find out the influence of the prestressed state and the interatomic potential in the final response. As we have taken into account two potential functions (AMBER and Morse), four calculations were carried out into each nanotube.
12 Cantilevered supporting conditions were assumed in all cases, following [20] and [24, fig 4] , because of their easy implementation and interpretation of numerical results. Such restraints have been performed through the introduction of pinned joints at the nodes of the left end of the SWCNT, accordingly with the linear degrees of freedom (DOFs) regarded in our model.
Also, a system of point loads statically equivalent to the external loading has been applied on the atoms at the free end for each case. Of course, there is not a unique system of point loads and some additional assumption (specific for each load case) is required. A detailed description for each hypothesis and numerical values for these point loads will be given below.
Axial behavior
Equivalent stress-strain curves were obtained for the cantilevered SWCNTs in table 1. Stresses of 20, 40, 60, 80, 100 GPa were tested in tension and of 30, 60, 120 GPa in compression.
Equivalent axial strain is calculated as:
where: ∆L = variation in length of the nanotube, calculated as the longitudinal displacement at the free end. L = initial length of the nanotube Equivalent stress is evaluated as:
where: F t = total force applied in the axial direction d = nanotube diameter t = thickness wall, estimated as 0.34nm
The point loads acting at the nodes of the right end have been obtained from R i = F t /N t , where N t are the number of atoms along the circumferential direction of the nanotube. Hence, all the point loads into each axial simulation will be given the same values, which are provided in tables 2 and 3.
For the sake of brevity, only a few σ x − ǫ x curves are plotted in fig 7 in tension and fig 8 in compression. As we can expect, linear axial behavior is reproduced with AMBER potential. Even linear behavior is yielded with Morse potential, as a direct consequence of using tangent stiffnesses into the iterative procedure. Hence, our results agree qualitatively well with those obtained from the expresions of Natsuki et. al [28] (AMBER potential) and Natsuki and Endo [30] (Morse potential) taking t = 0.34 nm. In these references, no initial stresses were taken into account. As we can see, higher difference is observed with [30] due to the geometrical nonlinearity adopted in their work.
Despite of the controversy about mechanical properties of SWCNTs and their strong dependence on the wall thickness, the equivalent Young modulus has been calculated in each case as:
13 figure 9 . From figures 7 and 9 we can state that axial response in tension is stiffer (on average terms) by using Morse potential than AMBER potential. Otherwise, AMBER and Morse potential agree reasonably well in tension for axial strains below 6% (see fig 7) .
In general, Young modulus grows slightly with nanotube diameter if prestresses are not included, in agreement with other published works ( [26, fig 4a] , [31] , [27] , [24, fig 12], [21, fig 7] ). Nevertheless, the opposite trend is observed if prestressed state is regarded. In fact, including the prestressed state increases longitudinal stiffness up to 18% except for ZZ(9,0), where a stiffening of 32% is obtained. This remarkable effect may be explained as follows: initial stresses introduce radial resultant forces which trend to keep the circular cross-section of the nanotube and therefore produce a longitudinal shortening. Obviously the lower loads are applied, the higher stiffening effect of the prestressed state in tension is rendered. Tensile simulations with Chiral CNTs diverge for high loads due to the non-axisymmetry of this nanotubes: Chiral tensile loaded CNTs involve some bonds strongly tensioned and some other bonds strongly compressed, therefore, the very different stiffnesses from tension to compression with Morse potential (fig 4(a) ) causes ill-conditioning of the iterative procedure depicted in figure 6 . Further improvements of this numerical procedure are currently in progress.
Other disadvantages of the non-axisymmetry of Chiral CNTs are the coupling between tension and torsion, and the local transversal deformation at the free end (see figure 10(c) ) which can distort the final results. This deformation can be avoided by imposing displacements at the right end of the CNT in order to keep the ending atoms into the CNT circular cross-section. These new boundary conditions will be included in future works.
Our results agree reasonably well with those reported by [30] , [20] and [24] for nanotubes of the same diameter. On the whole, ZigZag CNTs appear to be about 8% stiffer than Armchair ones, against [30] . Nevertheless, the diameter influence on the Young modulus can not be removed from the values in table 6 and there is not a clear trend in the figure 11.
Let us draw our attention on the compressive behavior of SWNCTs. As can be seen from figure 8, Morse potential produces stiffer results in compression than AMBER potential because of the higher slope in the compressive branch for bond elongation of the former. In fact, the difference is clear from axial strains of 6%.
Proceeding as we did in tension, we can obtain new values for the Young modulus in compression (table 7) and plot them against nanotube diameter (see figure 12) . In this case, Young modulus is increasing with the nanotube diameter, but in the range of diameters studied herein we could consider it nearly constant.
Regarding initial stresses, their effect is the opposite we found in tension. Therefore, the shortening caused by the prestressed state decreases the compressive Young modulus ( figure 12) .
Obviously, if Morse potential or prestressed state are involved in the analysis, different Young moduli are obtained from tension to compression and the applicability of continuum models becomes doubtful, as has been remarked in previous published works [27] , [26] . The ill-conditioning of the iterative procedure is again present for Chiral SWCNTs with Morse potential at high load levels. Likewise, the local transverse deformation at the free end can be observed in figure 13(c) .
From table 7, chirality does not have a relevant effect on the compressive response and it could be readily neglected as we concluded in tension.
Flexural behavior
Cantilever supporting conditions (through pinned joints) were kept for flexural loading and a external bending moment was applied at the free end, taking values from table 8.
Each bending moment has been coverted into a system of statically equivalent longitudinal point loads at the nodes of the free end. If we define the z-axis as the bending axis and y as the orthogonal coordinate, the values of the point loads will vary in linear proportion with the y coordinate, following: AMBER AMBER MORSE MORSE prestress prestress d (nm) E(GPa) E(GPa) E(GPa) E(GPa) ZZ (9,0) Aimed to find out qualitatively the bending response of SWCNTs, rotations at the free end have been measured and plotted against bending moment. All curves plotted show nearly linear flexural behavior (see figure 14 as an example), even when Morse potential is taken into account. Therefore, nonlinear bond interaction of the potential function has a little influence on the bending response, as could be expected. Nevertheless, the choice of the potential has more influence than initial stresses, which could be readily neglected. As well, the Young modulus in tension derived from [28] (E = 805 ′ 01GPa) is used to plot additional bending curves in figs 14(a) and 14(b) respectively, giving stiffer results than the equivalent curve with our model in around 23%.
In order to compare mechanical parameters obtained from axial behavior with those from bending response, Young moduli were calculated in this load case as:
where: M = moment at the free end θ = rotation at the free end L = initial length of the SWCNT I = moment of inertia of the cross-section regarding the SWCNT as a hollow cylinder with t = 0.34nm
Averaging values for each nanotube we can obtain the values of table 10. This results show a substantial scattering of the Young modulus and stress the fact that continuum models (and particularly standard beam theories) are not applicable at that nano-scale size due to the relatively small amount of atoms involved. This idea is in clear disagreement with other published works (e.g. [6] , [10] , [11] , [13] , [14] , [16] ). 20 Then, Young modulus obtained by eq. (40) is plotted in figure 15 . As we can see, Young modulus is increasing (as in tension) with diameter for ZigZag and Armchair nanotubes, but surprisingly is decreasing with diameter with Chiral nanotubes. It should be noted that numerical ill-conditioning is particularly important with small diameter 21 ZZ(11,0) AC(5,5) CH(7,4) Table 9 : Point loads applied in bending for M = 1nN · nm Comparing values of table 10, the influence of the chirality in the flexural behavior may be omitted, since there is not a clear difference in Young modulus between ZigZag and Armchair nanotubes. Then, bending of SWCNTs (as tension and compression) is nearly independent of the chirality. Qualitative bending response of SWCNTs may be observed in figure 16.
Torsional behavior
Finally, cantilevered SWCNTs (pinned joints) were subjected to a set of point loads F ti at their free end producing a torque with the same values taken in bending (see table 8 ). These loads are assumed to be tangent to the extreme circumference of the tube at the free end, and all of them should produce the same torque with respect to the cylinder axis. Hence, they can be defined by table 11 . Into each simulation, rotation of the free end is measured and plotted against torsional moment (see figure 17 as an example). Our results are compared with those obtained from [28] by using AMBER potential. The difference in about 35% may be because the approach in [28] is related to the planar graphene sheet without taking into account ZZ (11, 0) AC (5, 5) CH (7, 4) The mechanical parameter chosen in this case for comparing values (with the same restraints aforementioned in bending) is the shear modulus G, and it has been calculated as:
where: M t = torsional moment at the free end ϕ = rotation at the free end J = polar inertia of the cross-section regarding the SWCNT as a hollow cylinder with t = 0.34 nm
Averaging for each nanotube we can obtain the values of table 12.
Shear modulus variation with respect to the nanotube diameter is depicted in figure 18 . Our results show same increasing trend reported by [21, fig 7] and [27, fig 10] , but with smaller values (around 20%) in the same way that Young modulus. Nevertheless, the magnitude order is reasonable and agrees well with these works. 25 Anyway, Morse potential seems to produce stiffer values of G than AMBER potential, but it is not an important difference in our range of diameters. As can be seen in figure 18(c) , ill-conditioning for Chiral nanotubes in torsion with Morse potential is also present. Likewise, the non-axisymmetry of Chiral nanotubes lead to eccentricities into the system of loads applied at the free end which cause bending; this bending-torsion coupling has a detrimental effect on final results ( figure 19(c) ). As we mentioned before, this problem may be solved by means of imposed displacements instead of point loads at the free end.
Further understanding of the SWCNTs torsional behavior can be achieved from figure 19 . Usual shortening can be seen in SWCNTs subjected to torsional loads if initial stresses are considered. Also, a radial deformation of the cross-section at the free end is observed with both potential functions as torsional moment increases ( figure 19(b) ). Since point loads are applied in tangential direction, they trend to move the atoms at the free end from their initial circular configuration. Therefore, those atoms pull out their neighbors and a conical deformation is rendered. This undesired deformation mode is the probable cause of the nonlinear response M − θ with linear potential (see figure  17) .
Under torsional loads, we assumed independency of the chirality because of the known isotropy of the graphene layer into its own surface. Although our results seems to state that ZigZag nanotubes are stiffer subjected to torsion, the differences are not decisive.
Derivation of Poisson's ratio
As has been mentioned before, the continuum models are not applicable at the SWCNTs nano-scale size. In order to highlight this idea, values for the Poisson's ratio were obtained through the classical constitutive relationship: Of course, the obtained results for Chiral nanotubes are not reliable because of the same numerical ill-conditioning problems found under torsion with Morse potential. Obviously, negative Poisson's ratio are senseless. On the other hand, from the ZigZag and Armchair results, we could state that Poisson's ratio decrease with increasing diameters up to an average value of about 0.25 − 0.3. However, the remarkable scattering observed invalidates the last conclusion.
To sum up, equation (42) does not suitably render into the mechanical behavior of SWCNTs, underlining that continuum models are not capable of reproducing their discrete nature. Opposite to this idea Natsuki et. al [28] propose a value of ν = 0.273 and suggest the continuum body relationship (42) may be used for estimating the Poisson modulus of a planar graphene sheet. Nevertheless, their conclusion should not be extended to SWCNTs. 
Concluding remarks
In this paper, a new general formulation for the 'stick-spiral' model presented by Chang and Gao [26] has been presented. Calculations with both AMBER and Morse potential functions have been carried out, aimed to compare their final results. In addition, the effect of initial SWCNTs curvature has been introduced explicitly through a system of initial stresses (prestressed state) which contribute to maintain their circular cross-section.
Our formulation allows the model to be subjected to general load conditions with no need of additional equations, against other previous works [26] , [27] , [31] where a specific formulation is needed for each load case. As examples of this issue, four load configurations were adopted: tension, compression, bending and torsion of cantivelered SWCNTs. Numerical results of mechanical parameters and deformed shapes are presented and discussed.
Main conclusions obtained from our calculations are summarized as follows:
1. Morse potential provide stiffer results in tension than AMBER potential with differences over 15%. The same stiffening effect produced by Morse function (15% in compression, up to 13% in bending and around 8% in torsion) is present in all load cases. However, there are not important differences below strains about 6% in tension and below 4% in compression.
29
2. Despite the nonlinear nature of the Morse potential, linear behavior under all load cases studied in this paper has been yielded. Of course, the forces updating through tangent stifnesses (fig 6) only may reproduce partially this nonlinearity, leading to an apparent contradiction. It should be noted that higher values of strains into each load case are not consistent with the model, which aims to reproduce the mechanical response of CNTs (geometrically linear) under small strains and displacements assumption. 3. Our new formulation is able to include initial stresses (preenergy) explicitly just by adding initial strains into the constitutive equation (19) . This feature is a great novelty related to other works concerned with the 'stick-spiral' model [26] , [27] , [28] , [30] , [31] . The initial strains were adopted by keeping the carbon atoms into the cylinder surface of the nanotube at the undeformed shape, and regarding the initial location of the covalent bonds in a straight line linking two neighboring C atoms. 4. The prestressed state produces stiffening under tensile loads (about 5 − 18%) and flexibilization under compressive loads (about 5 − 15%). This phenomenon occurs because the prestressed state introduce radial resultant forces which tend to keep the circular cross-section of the nanotube. Thus, Poisson effect converts these radial forces into longitudinal shortening under any load case. Of course, the influence of the initial stresses into the axial behavior of SWCNTs should not be neglected.
On the other hand, the results are very similar in bending (differences in the range of 5%) and torsion (differences around 3%), and we can consider these load cases as independent of the prestressed state. 5. Despite the adoption of Young and shear moduli for the comparison of results, this choice may be controversial because of their high dependence on the wall thickness (which usually is taken as 0.34 nm). Our only objective has been to validate our model with previous results, but not to establish quantitative mechanical parameters associated to a continuum. 6. In fact, is doubtful to deal with SWCNTs as a continuum body, as has been shown through the great scattering observed in the Poisson's ratio calculated by using eq. (42) . Therefore, the classical constitutive relations do not suitably render a continuum equivalent medium for SWCNTs. 7. The application of standard homogenization theories [41] , [42] could be very promising to treat the mechanical simulation of CNTs (although our paper is not directly related to these methods), given the specific characteristics of the problem (great number of unit cells which are repeated with geometric periodicity). Likewise, it would be taken tensile, compressive, flexural and torsional behavior as the preferred set of simple loading test cases for establishing the equivalent properties into the homogenization solution. 8. ZigZag SWCNTs are stiffer than Armchair ones under tensile loads (up to 8%), but it is not clear the influence of the chirality on the final response under compressive, bending and torsional loads. It could be concluded the mechanical behavior of SWCNTs is almost independent of the chirality. 9. Young modulus E is decreasing with nanotube diameter in tension (only if prestressed state is included) and is increasing in compression. However, in compression, variation of Young modulus is much lower than in tension. Also, E is increasing under bending loads and shear modulus G is increasing under torsional loads with respect to the nanotube diameter. In both cases, Chiral results have not been taken into account due to the numerical ill-conditioning experimented for these results with Morse potential. 10. The non-axisymmetry of Chiral nanotubes lead to some bonds strongly tensioned and some other bonds strongly compressed under some of the load cases considered. Therefore, the very different stiffnesses from tension to compression with Morse longitudinal interaction causes ill-conditioning of the iterative procedure depicted in figure 6 and the results for Chiral CNTs are not completely reliable. Further improvements are currently in progress. 11. As output of our developed codes, deformed shapes, bond axial forces, angular moments and joint reactions are obtained. By interpreting the resulting deformed shapes, some undesired local deformations have been discovered at the cantilever free end, mainly with Chiral nanotubes. This effect is probably due to the local configuration of the bonds at the nanotube ends. Namely, some of the extreme bar elements in these zones are shorter than the real covalent C − C bonds and the application of a set of point forces at the free end will trigger unexpected local deformations. However this problem may be removed by introducing imposed displacements at the free end by means of a set of moving pinned joints, which is currently being worked out. Anyway, the imposed displacements solutions may produce slightly different values of the mechanical parameters rendered (as shown by Ibrahimbegovic and Markovic [41] and against Markovic and Ibrahimvegovic [42] ). In any case, local deformations near nanotube ends should be considered as local effects which could be readily neglected. 30
